A discussion of the interior Dirichlet and Neumann problems of classical potential theory can be given in terms of the symmeterisers of certain related integral operators. Recent developments in the theory and application of integral equations of the first kind have made this approach towards the solution of boundary value problems a more attractive proposition. However for problems more general than those arising in potential theory a greater knowledge of associated spectral properties is required together with a realisation that much of the symmetry occurring in potential problems will be lost and that attention must be directed instead towards commutativity relations. This is demonstrated by considering boundary value problems associated with the Helmholtz equation.
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G. F. ROACH Abstract. A discussion of the interior Dirichlet and Neumann problems of classical potential theory can be given in terms of the symmeterisers of certain related integral operators. Recent developments in the theory and application of integral equations of the first kind have made this approach towards the solution of boundary value problems a more attractive proposition. However for problems more general than those arising in potential theory a greater knowledge of associated spectral properties is required together with a realisation that much of the symmetry occurring in potential problems will be lost and that attention must be directed instead towards commutativity relations. This is demonstrated by considering boundary value problems associated with the Helmholtz equation. A symmetric operator L: H -» H (M: H -» H) will be called a left (right) symmeteriser of a linear operator K: H -> H whenever the operator product LK (respectively KM) is a symmetric operator. If L is a left symmeteriser of K then LK = K*L and it is clear that whenever L~x exists then it will satisfy the relation KL~X = L~XK*. This indicates that the inverse of a left (right) inverse of an operator K should be sought amongst the right (left) symmeterisers of K.
These concepts have been applied by Howland [2] to a discussion of the interior Dirichlet and Neumann problems of classical potential theory. However, a similar application to more general boundary value problems does not seem to have been made. This is due, at least in part, to the fact that in [2] boundary integral equations of the first kind rather than the second kind had to be solved. Furthermore, it is readily appreciated that in more general problems the eigenvalue spectrum of the operators involved is likely to exert a far greater influence on the required analysis than it did in the problems considered in [2] . Recent developments in the theory and application of integral equations of the first kind [3] , [5] , [4] have made the approach towards the solution of boundary value problems by means of such equations a more attractive proposition. Consequently it should be possible to obtain somewhat similar results to those obtained in [2] provided there exists enough detailed information on the interaction of the various associated spectra. However we shall see that in these more general problems, much of the symmetry appearing in [2] is lost and our attention has, instead, to be directed towards establishing commutativity relations between the various operators involved. In this note, we shall demonstrate this aspect by considering the four regular boundary value problems (interior and exterior Dirichlet and Neumann problems) associated with the Helmholtz equation since the interaction of their spectra has been comprehensively discussed in [6] . where 9/9/^ denotes differentiation in the direction of ñp the outward drawn unit normal to dDatpE dD. Furthermore we shall write 9/9/»/ aQd 9/9aid+ to denote the normal derivative when /*->//" E9Z> from D_ and P^p + E dD from D+ respectively. The Interior Dirichlet Problem (IDP) consists in determining u(P) which solves (2.1) and satisfies the condition u(p)=f(p), pEdD. where the bar denotes complex conjugate and * the formal L2(dD) adjoint. In the limit as P ->/> G dD the various jump conditions [6] can be written
Furthermore, we notice that These problems can be reformulated as boundary integral equations either by applying the boundary conditions together with the appropriate jump conditions to the Helmholtz representation or by assuming that the required solution has the form of a single or double layer distribution. The intention in each case is to obtain a boundary integral equation of the second kind, although it can be shown [6] that these two methods yield different equations of the second kind for the same problem. Similar problems can also be posed in the exterior domain D+. The relationships between the two methods outlined above and the interconnections between the exterior and interior problems have been discussed at some length in [6] .
It is common practice in a layer theoretic approach to assume that solutions of Neumann problems have the form of single layer distributions whilst solutions of Dirichlet problems have the form of double layer distributions. In each case such an assumption leads to boundary integral equations of the second kind.
The solutions of the Neumann and Dirichlet problems could however be sought in the form of double and single layer distributions respectively. In this case boundary integral equations of the first kind are obtained. This approach has been adopted by some authors and in this connection we would cite [2] as a source reference. Furthermore, in [2] it is argued that some of the inherent difficulties associated with equations of the first kind might be eased significantly provided certain relationships between an operator and its symmeterisers can be established. These necessary relationships have been obtained in [2] for problems arising in classical potential theory. In the next section we shall illustrate the derivation of the corresponding results for boundary value problems associated with the Helmholtz equation. where the required density function, p, must satisfy [6] (P-Kp)(p) = g_(p), pEdD.
(4.5)
Combining the Green's Theorem and layer theoretic methods we obtain from The INP can also be solved, using the layer theoretic method, by assuming u_(P) = (Dv)(P), PED_. Consequently, arguing as for the INP, it is an easy matter to deduce that the relations (4.6), (4.7), (4.11) and (4.12) also hold when discussing the IDP.
Furthermore, if use is made of the pairings given in Table 2 of [6] it can be seen that similar results also hold for the corresponding exterior problems. The results of this section can be summarised in the form: We notice that although these results have the same symbolic form as those obtained in [2] nevertheless they do offer a generalisation of the latter in that here S and Dn are no longer symmetric. Indeed if we write Sk (S0) for the operator S associated with the Helmholtz (Laplace) equation, and similar subscripts for the other boundary integral operators, then direct computation It is clear that Howland's results on symmeterisers are recovered in the case when k = 0.
5.
Concerning the first kind equations. The results of the previous section rely on our being able to solve equations (4.9) and (4.16). The solvability of these first kind equations, when they arise in connection with boundary value problems of potential theory, has been discussed in [2] . To obtain corresponding details for the similar equations which are obtained when considering problems associated with the Helmholtz equation particular attention must be paid to the influence of the frequency parameter k. The spectrum of the operator K is clearly of vital importance and, since K may be regarded as an operator valued function of the parameter k it is convenient to treat separately the operators (-K) and (+K) rather than introduce yet another parameter X in order to obtain the standard form (/ -XK). With this in mind we adopt the following definitions. Those real values of k for which the equation (/ -K)w -0 has nontrivial solutions, w, will be called characteristic values of K. Similarly, those real values of k for which (/ + K)w = 0 has non trivial solutions, w, will be called characteristic values of ( -K). We note that if k is a characteristic value of K then it is also a characteristic value of K*, K and K*. Similarly (-K), (-K), (-K*), (-K*) have the same characteristic values, which may differ from the preceding. Those values of k for which there exist nontrivial solutions of the homogeneous form of the INP (IDP) will be called eigenvalues of the INP (IDP). The relationship between the characteristic values of K and the eigenvalues of interior problems is clarified by the following theorem the proof of which is given in [6] . Regarding the solvability of (4.9) and (4.16) we offer two theorems the proofs of which necessarily rely very heavily on the results obtained in [6] . Setting p := (Sp + f) and using Theorem 4.6 of [6] we find that if p is a nontrivial solution of (I + K*)p = 0 then tj := Dnp satisfies (/ + K)r¡ = 0. However Theorem 3.2.1 and Corollary 3.2.1 of [6] indicate that the solution tj is nontrivial if and only if & is an eigenvalue of the IDP. Hence we deduce that Dnp = 0. Finally, by means of Corollary 3.3.2 in [6] we conclude that the only simultaneous solution of Dnp = 0 and (/ + 7f*)p = 0 is the trivial solution p = 0. Hence Sp = -/_ as required. Finally, if we set v = Sp then by means of (4.7) we find that g_ = Dnv = DnSp = (K2-I)p.
